Abstract. We construct stable sheaves over K3 fibrations using a relative Fourier-Mukai transform which describes the sheaves in terms of spectral data similar to the construction for elliptic fibrations. On K3 fibered Calabi-Yau threefolds we show that the Fourier-Mukai transform induces an embedding ion of the relative Jacobian of spectral line bundles on spectral covers into the moduli space of sheaves of given invariants. This makes the moduli space of spectral sheaves to a generic torus fibration over the moduli space of curves of given arithmetic genus on the Calabi-Yau manifold.
Introduction
Moduli spaces of stable sheaves and bundles have been extensively studied on complex curves and surfaces but on higher dimensional varieties not much is known about them. Aside from their mathematical importance, these moduli spaces provide a geometric background for various aspects in string theory such as heterotic string compactifications or the description of Dbranes on complex three-dimensional Calabi-Yau varieties, which occur in the mirror symmetry program.
If the variety admits a fibration structure, a natural procedure to describe moduli spaces of sheaves or bundles is to first construct them fiberwise and then to find an appropriate global description. This method has been successfully employed by Friedman, Morgan and Witten [6] to construct stable vector bundles on elliptic fibrations in terms of spectral covers. Equivalently, this construction can be understood as a relative Fourier-Mukai transform. More precisely, by the invertibility of the Fourier-Mukai transform one gets for elliptic fibrations a one-to-one correspondence between fiberwise torsion free semistable sheaves of rank n and degree 0 and torsion free rank one sheaves on spectral covers. This paper has been motivated by the question whether K3 fibrations admit a similar description of stable sheaves and their moduli spaces in terms of spectral data, and as such the paper continues earlier studies of Thomas [18] as well as of Bridgeland and Maciocia [4] . A physical motivation of the paper is the search for stable bundles and sheaves which provide new solutions to heterotic string theory, or describe D-brane configurations on Calabi-Yau spaces. In particular, the class of K3-fibrations has been studied extensively in the physical literature whereas the existence of stable sheaves was assumed but no explicit constructions given (cf. [12] ).
By analogy to the elliptic fibrations it is suggestive to first recall the description of sheaves on a single K3 surface and the corresponding dual variety (the analog of the generalized Jacobian parametrizing torsion free rank one sheaves on an elliptic curve). For this consider a smooth algebraic K3 surface S with a fixed ample line bundle H on it. The role of the dual variety is played by the moduli space M H (v) of Gieseker-stable sheaves F on S having a fixed Mukai vector v(F) = ch(F) Td(S) = (r, l, s) ∈ H 0 (S, Z) ⊕ H 1,1 (S, Z) ⊕ H 4 (S, Z) .
The moduli space M H (v) is a quasi-projective subscheme of the moduli space of simple sheaves on S. A well-known result of Mukai states that if M H (v) is nonempty and compact of dimension two, then it is a K3 surface isogenous to the original K3 surface S. Moreover, if in addition the Mukai vector is primitive and satisfies gcd(r, lH, s) = 1 then M H (v) is a fine moduli space and parametrizes stable sheaves with Mukai vector v so that there is a universal sheaf on S × M H (v). One approach to globalize the construction is as follows (for a different approach cf. [18] ). Let p : X → B be a K3 fibration and Y a component of the relative moduli space of stable sheaves (with generic fiber M H (v)) on the fibers of p, which is a fine moduli space, so that there is a universal sheaf P on Y × X. If, in addition, X and Y have the same dimension and p : Y → B is equidimensional, Bridgeland and Maciocia [4] proved that Y is a non-singular projective variety,p : Y → B is a K3 fibration and the integral functor D b (Y ) → D b (X) with kernel P is an equivalence of derived categories, that is, a Fourier-Mukai transform. A more detailed review of the relative moduli space construction and Fourier-Mukai transform is given in Section 2.
In Section 3 we construct torsion free sheaves on a K3 fibration X which are µ-stable with respect to some appropriate polarization. For the construction of sheaves on X we are interested in transforming sheaves into sheaves rather than complexes using the Fourier-Mukai transform of [4] . For this it is useful to adopt the notion of WIT i (Weak Index Theorem) sheaves. We say an O X -module E is WIT i if its Fourier-Mukai transform is concentrated in degree i. We introduce an appropriate class of sheaves which satisfy the WIT i condition. In analogy to the elliptic fibration set-up, we consider a n-fold cover C (the spectral cover) over B and prove that whenever C is integral and L a line bundle over C (which is shown to be W IT 0 ), then the Fourier-Mukai transform of L leads to a single torsion free sheaf E (the spectral sheaf) on X. We prove that E is µ-stable with respect to H + M f with M > 0 and H a fixed ample divisor in X and f the class of the fiber of p (Theorem 3.9). As a result we get µ-stable torsion free sheaves under weaker assumptions than in [18] . Under the assumptions of [18] we prove that the cover C can be chosen such that the spectral sheaf E is locally free.
In Subsection 5.1 we restrict X to be a K3 fibered Calabi-Yau threefold, that is, throughout this section we will assume that X has a trivial canonical bundle, and compute under this assumption the topological invariants of E.
In Section 4 we prove that a non-split extension of stable spectral bundles on a K3 fibration is stable with respect to H + M f, provided the slopes of the input sheaves satisfy certain conditions, which are required to rule out possible destabilizing subsheaves.
In Section 5 we prove the existence of an effective bound M 0 for M which depends only on X, H, c 1 ( E) and c 2 ( E) (Theorem 5.4). In case of elliptic fibrations a similar bound has been proven for elliptic surfaces (cf. Theorem 7.4, [6] ) and it was expected that such a bound exists also in higher dimensions. As a result we find that the Fourier-Mukai transform induces an embedding of the relative Jacobian of line bundles of degree d on a curve (in the moduli space of curves M([C], g) of arithmetic genus g in the cohomology class [C] ) into the moduli space of sheaves on X with Chern classes rn, c 1 , ch 2 , ch 3 , in particular, this makes the moduli space of H M 0 -stable spectral sheaves with Chern classes rn, c 1 , ch 2 , ch 3 to a generic torus fibration over the moduli space M([C], g).
In Section 6 we study the special case of r = 1 which was not covered in the previous sections. Here the kernel of the Fourier-Mukai transforms is given by the ideal sheaf of the relative diagonal immersion δ : X ֒→ X × B X. We prove that this kernel gives an equivalence of categories.
The case of trivial fibrations X = S × B → B where S is a K3 surface and B is an elliptic curve is covered in Section 7. If we assume additionally that S is reflexive in the sense of [3] all the topological invariants of the universal bundle are known, which allows for more specific computations.
We are then able to construct many instances of stable sheaves (even with vanishing first Chern class) on K3 fibered Calabi-Yau threefolds out of spectral curves embedded in them.
Conventions. By a variety we understand a scheme locally of finite type over the complex numbers. We denote by D b (X) the bounded derived category of complexes of quasi-coherent sheaves with coherent cohomology. An
is called a Fourier-Mukai transform when it is an equivalence of categories and its kernel K
• reduces to a single sheaf. We denote by Φ t the integral functor on the fiber defined by the derived restriction of the kernel K
• of Φ. If x ∈ X is a point, O x denotes the skyscraper sheaf of length 1 at x, that is, the structure sheaf of x as a closed subscheme of X. By a Calabi-Yau threefold we understand a smooth projective variety of dimension 3 with trivial canonical bundle.
Moduli Spaces and Fourier-Mukai transform
In this paper we will consider K3 fibrations X which satisfy the following conditions. We assume that p : X → B is a proper flat morphism of nonsingular projective varieties with connected fibers whose generic fiber is a smooth K3 surface and B is an irreducible curve.
Let H be a polarization on X. For each t ∈ B, H induces a polarization H t on the fiber X t of p, defined by restricting H to X t . There exists a relative moduli schemep
:
whose fiber over a point t ∈ B is the moduli scheme M Ht (X t ) of stable sheaves on the fiber with respect to H t , and the points of M H (X/B) correspond to stable sheaves whose scheme-theoretic support is contained in some fiber X t of p (cf. [17] ). Here stability means Gieseker stability as considered in [17, Sect. 1] . The morphismp takes a sheaf supported on the fiber p −1 (s) to the corresponding point t ∈ B. Let Y be a irreducible component of M H (X/B) whose points represent sheaves E, supported on the fibers X t which are stable with respect to H t , and have fixed numerical invariants, and hence fixed Hilbert polynomial. Suppose that Y is projective and fine, then there are no properly semistable sheaves and there is a universal sheaf P on Y × X supported on the closed subscheme Y × B X and flat over Y . For each point y ∈ Y the restriction P y of P to the fiber {y} × X t ֒→ X, withp(y) = t, is the stable sheaf represented by the point y. The universal sheaf P defines a relative integral functor Φ :
between the bounded derived categories of Y and X by letting
where π Y and π X denote the projections of Y × B X onto its factors. When Y and X have the same dimension and q : Y → B is equidimensional, by a result due to Bridgeland and Maciocia [4, Theorem 1.2 ], one has that Y is smooth, q is a K3 fibration and the integral functor Φ is a Fourier-Mukai transform, that is an equivalence of categories.
To construct such components Y of the relative moduli space M H (X/B), we assume that there exists a divisor L on X and integer numbers r > 0, s, such that there exists a sheaf E on a non-singular fiber i t : X t ֒→ X, which is stable with respect to H t and has Mukai vector v = (r, L t , s = ch 2 (E) + r), where L t is the restriction of L to X t . The Hilbert polynomial of E is (i) Y is a fine projective relative moduli space,
Proof. Let M H (X/B, P (n)) be the relative moduli space of stable sheaves on the fibers of X → B with Hilbert polynomial P (n). The coprimality conditions imply that there are no strictly semistable sheaves on the fibers with Hilbert polynomial P (n), so that M H (X/B, P (n)) → B is projective (see, for instance, [17, Thm. 1.21]), and that there exists a relative universal on M H (X/B, P (n)) × B X (see [15, Theorem A.6] , which also holds true in the relative setting). We take the irreducible component Y of M H (X/B, P (n)) containing the class of the sheaf E whose existence we have assumed. Thus, there exists a universal sheaf P on Y × B X.
Let us now derive conditions such that the dimension of Y is equal to 3 and the fibration q is equidimensional.
If X t 0 is the fiber supporting E, then Y t 0 is nonempty. Since c 1 (E) = L t 0 is the restriction of a divisor L on X, the deformations of det E are unobstructed; by Serre duality the traceless part of the second ext's group is Ext 2 0 (E, E) = Hom 0 (E, E) * = 0, and then the deformations of E are unobstructed as well. It follows that Y t is nonempty for all points t in an open neighborhood U of t 0 (cf, [18, Thm. 4.5] ). The image of q is a closed subset of B because Y is projective; moreover it contains U and then q is surjective because B is irreducible. We can assume that X t is smooth for every point t ∈ U . Then the fiber Y t of q : Y → B is the moduli space of stable sheaves on the K3 surface X t with Mukai vector v, and, by Mukai [14] , Y t is a smooth variety of dimension v 2 + 2 = 2. Thus dim q −1 (U ) = 3 so that Y has dimension 3 as well because it is irreducible.
Finally, q is equidimensional because the irreducibility of Y prevents the dimension of the fibers of q from jumping.
Remark 2.2. Following [2, Proposition 4.22], for every smooth fiber X t , the integral functor Φ t is an equivalence, so by [10, Proposition 3.2], either Y t ≃ X t or the fiber Y t is a smooth K3 surface which parametrizes µ-stable vector bundles on X t with v = (r, L t , s) and r > 1.
As we are interested in constructing sheaves on X we need to know when the Fourier-Mukai transform Φ maps sheaves to sheaves. As mentioned in the introduction, for this we employ the notion of WIT-sheaves whose definition we now recall.
For simplicity we shall use the notation Φ j to denote the j-th cohomology sheaf of Φ, unless confusion can arise. If E is WIT i , then Φ j (E) = 0 for all j = i and we shall write E instead of
WIT 2−i with respect to Φ and E ≃ E. As usual Φ denotes the quasi-inverse of Φ shifted by
Finally, let us give a concrete example to illustrate how the above conditions can be solved.
Example 2.4. One of the K3 fibered Calabi-Yau threefolds X which has been analyzed in great detail using mirror symmetry [5] is obtained by resolving singularities of degree eight hypersurfaces X ⊂ P 1,1,2,2,2 . The Kähler cone of X is generated by positive linear combinations of the linear system H = 2l + e and l where e is an exceptional divisor coming from blowing-up a curve of singularities and the linear system l is a pencil of K3 surfaces. The intersection ring has been computed in [5] and is given by the relations
So let us choose L = xH + yl with x, y ∈ Z we then find
3. Stable Spectral Sheaves 3.1. Stability and relative semistability. In this section we give a criterion of stability of torsion free sheaves with respect to H + M f for M ≫ 0 on a K3 fibration p : X → B as above, assuming that their quotients are good enough.
Definition 3.1. The relative degree of a sheaf F on X is the intersection number d(F) = c 1 (F) · H · f where f ∈ A 1 (X) denotes the algebraic equivalence class of the fiber of p : X → B. The relative slope is defined as
whenever rk(F) = 0.
Note that the restriction of a sheaf F on X to a general fiber of p has degree d(F). Moreover if F is a sheaf on X flat over B, its relative degree is the degree of the restriction F t to any fiber X t of p, so that µ f (F) = µ(F t ). Definition 3.2. We say that a torsion free sheaf F on X has good quotients if for every subsheaf
Proposition 3.3. Let F be a torsion free sheaf on X with good quotients. There exists a non-negative integer M 0 depending on F and H such that F is µ-stable with respect to
Proof. Let F ′ be a subsheaf of F such that 0 < rk(F ′ ) < rk(F). The µ-stability condition which needs to be solved for M is:
Since F has good quotients, we have µ(F ′ t ) < µ(F t ), where subscripts denote restriction to a general fiber of p. As the set of the slopes µ H (F ′ ), where F ′ ranges over all nonzero subsheaves of F, is bounded by the existence of the maximal destabilizing subsheaf of F and
the sheaf F is µ-stable with respect to H + M f.
3.2.
Stability of spectral bundles. Let C i ֒→ Y be a reduced curve of genus g such that C → B is a flat covering of degree n, and L a line bundle on C. The covering C → B could have at most a finite number of ramification points and C intersects the generic fiber in n different points. The line bundle L defines a sheaf E = i * L on Y , supported on C.
Proposition 3.4. E is WIT 0 with respect to the Fourier-Mukai transform Φ, and the transformed sheaf E = Φ(E) is flat over the base B.
Proof. The restriction of E to each fiber has 0-dimensional support and since the cover C → B is flat, E is flat as well. Then, by [2, Corollary 1.8], E is WIT 0 with respect to Φ, E is flat over B and ( E ) t ≃ E t for every point t ∈ B.
If C t denotes the restriction of C to any fiber Y t , then C t = y∈Ct Z y where Z y ֒→ C is a zero-cycle of length n i(y) supported on y and such that n i(y) = n. If C → B is not ramified at y one has n i(y) = 1, so n i(y) > 1 at only finitely many points y ∈ C. Therefore O Ct has a filtration with factors isomorphic to O y , for every y ∈ C t . By base-change E t = Φ t (i * O Ct ) and we have also a filtration for E t whose factors are isomorphic to P y , for every y ∈ C t . In particular, if Y t is a generic fiber, then C intersects Y t at n different points {y 1 , . . . , y n } and E t = P y 1 ⊕ · · · ⊕ P yn . Proposition 3.5. E is a torsion free sheaf on X. Moreover, the restriction E t of the transformed sheaf E to any fiber X t is semistable of degree nL · H · f with respect to H t .
Proof. The restriction E t of E to any fiber has a filtration with quotients of the form P y . Since the support of P y is X t and P y is semistable of degree L · H · f with respect to H t , for all y ∈ C, both statements of the proposition hold true.
An alternative description of spectral sheaves is as follows. Let us consider the diagram
where p C is a flat morphism and we denote p X = π X • j. By base change the spectral sheaf E can be described as
For each point y ∈ C with q(y) = t, the derived inverse image Li * t Lj * P is isomorphic to the sheaf P y where as usual i t : {y}×X t ֒→ C× B X denotes the immersion of the fiber p −1 C (y). By [2, Proposición 1.11] Lj * P is a coherent sheaf P |C× B X on C × B X, flat over C, and such that i * t P |C× B X ≃ P y for every y ∈ C.
. Remark 3.6. Note that for elliptic fibrations one shows that any torsion free sheaf F that is semistable of degree zero on the fiber, has the W IT 1 property with respect to the inverse Fourier-Mukai transform and so gives rise to a single sheaf. For K3 fibrations there is no obvious condition which guarantees that the inverse Fourier-Mukai transform of a sheaf F (semistable on the fibers) is a single sheaf. One problem is that the derived dual of P may fail to be a single sheaf, in contrast to the elliptic fibrations where the derived dual of the Poincaré sheaf is again a single sheaf. Therefore in this paper we will only construct sheaves out of spectral data.
We now show that there exists an integer number M 0 , such that E is a µ-stable torsion free sheaf on X with respect to
holds true for the generic fiber if and only if the spectral cover C is reduced and irreducible.
Proof. If C is not reduced and irreducible, then there is a reduced irreducible proper closed subcurve C ′ ⊂ C which is a flat covering of B of degree 0 < n ′ < n. Thus the surjection
Applying the Fourier-Mukai transform we obtain a torsion free quotient E → G of rank rn ′ and relative degree n ′ ·L·H ·f, which implies µ(G t ) = µ( E t ).
Conversely, let E → G → 0 be torsion free quotient. On the generic fiber we have E t → G t → 0. Since E t is semistable, µ(G t ) ≥ µ( E t ). Moreover, E t = P y 1 ⊕ · · · ⊕ P yn for n different points y 1 , . . . , y n of Y t , and then, if one has µ(G t ) = µ( E t ), the sheaf G t is µ-semistable and the quotients of its Jordan-Holder factors are some of the sheaves P y 1 , . . . P yn . Thus G t is WIT 2 , and then G is isomorphic to Φ 0 Φ 2 (G) on the inverse image to X of an open subset of B. Applying the inverse Fourier-Mukai transform Φ to the exact sequence E → G → 0 one has
is concentrated on a finite number of fibers, which is not possible since G is torsion free. Thus we get a contradiction and so µ(G t ) > µ( E t ). Proof. Let us consider the exact sequence
whereF is torsion free. We have exact sequences
because F ′ and F ′′ have the same rank. If C is irreducible and reduced and rk(F ′ ) = rk(F), one hasF = 0 so that
Otherwise, one has µ f (F ′′ ) < µ f (F) by Proposition 3.7; hence µ f (F ′ ) < µ f (F). Proposition 3.7 also implies that if F has good quotients, the spectral curve C if irreducible and reduced.
Propositions 3.3, 3.5 and Corollary 3.8 give the sought after stability result: Theorem 3.9. Assume that the spectral cover C is irreducible and reduced. If L is a line bundle on C and E = i * L, there exists a non-negative integer M 0 depending on E, such that the spectral sheaf E is µ-stable with respect to
3.3.
Vector Bundles in the case r > 1. Here we assume r > 1 and we study the question when E is a locally free sheaf . Proposition 3.10. If for any singular fiber Y t there exists a point y ∈ Y t such that P y is locally free on X t , then one can choose the covering C in such a way that E is locally free.
Proof. Note first that since E is flat over B, it is locally free if and only if E t is locally free for all t ∈ B. Assume now that the condition of the statement holds true. Since locally freeness is an open property ([11, Lemma 2.18]), for every singular fiber Y t there exists an open subset U t ⊆ Y t such that P y is locally free on X t for every y ∈ Y t . Moreover, when Y t is a smooth fiber (and then X t is a smooth fiber as well), we already know (see Remark 2.2) that E t is locally free. Then, the set U of all points y ∈ Y such that P y is locally free on the fiber of y is an open subset, which is the complement of a finite number of curves. Thus we can choose C contained in U , and then E is locally free.
For elliptically fibered Calabi-Yau threefolds (see [6] ), U t is the smooth locus of Y t because P y is nothing but the ideal sheaf of the point y, so it is locally free if and only if y is a non singular point of Y t .
The hypothesis of Proposition 3.10 is fulfilled when the following conditions are fulfilled:
(i) The fibers of X → B have at worst ordinary double points as singularities, (ii) each fiber Y t parametrizes µ-stable sheaves, and (iii) the polarization on X is chosen in such a way that a sheaf, with the Chern classes fixed to define Y , is stable if and only if it is µ-stable on the generic fiber. Actually, Thomas shows [18, theorem 4.15] that when both these conditions and the assumptions of Section 2 hold true, then Y t has at worst ordinary double point singularities. Moreover singular points represent reflexive non locally free sheaves on X t and all other points correspond to locally free sheaves.
Remark 3.11. For the trivial fibration S ×B → B, where S is a K3 surface, all fibers are smooth. In this case the spectral sheaves E are vector bundles. Moreover if the K3 surface is reflexive, in the sense of [3] , then we have a good description of the universal sheaf P which allows the computation of the whole Chern character of E.
Remark 3.12. Under the assumptions of [18] , if B = P 1 and the cover C has degree equal to one, that is C can be thought of as a closed immersion of P 1 into Y , then the spectral sheaf E corresponding to O C is the sheafσ * T in the notation of [18, Theorem 4.18] , which is locally free.
µ-Stable Extensions
In this section we construct new µ-stable locally free sheaves F as non trivial extensions 0 → E → F → G → 0 of known ones E and G. Assume that one has (i) E and G have good quotients (Definition 3.2), (ii) the restrictions of E and G to the general fiber are µ-semistable of degree 0 with respect to H t . We then know that E and G are µ-stable with respect toH = H + M 0 f for some M 0 ≫ 0 by Proposition 3.3. Examples will be provided when E and G are spectral of degree zero on fibers, since they have good quotients by Corollary 3.8, and are semistable on the generic fiber.
We make, in addition, two assumptions which are necessary conditions for F to be µ-stable (i) The extension is not trivial, that is, Ext 1 (G, E) = 0, (ii) µ(E) < µ(F).
Proposition 4.1. Let F be a non-split extension and assume that (ii) is satisfied and that
Then F is µ-stable with respect to H + M f for M ≥ M 0 sufficiently large depending only on F.
Proof. By Proposition 3.3, it is enough to prove that F has good quotients, that is, one has d(F ′ ) < 0 for any subsheaf F ′ of F such that 0 = F ′ = F and F/F ′ is torsion free. Let us consider the diagram of exact sequences
and one has d(E ′ ) ≤ 0 and d(G ′ ) ≤ 0 by the µ-semistability of E t and G t (for a generic fiber), we have to prove that either d(E ′ ) < 0 or d(G ′ ) < 0 Assume first that d(E ′ ) = 0. Since E has good quotients, one has that rk(E ′ ) = rk(E) unless E ′ = 0. Thus, if E ′ = 0, the sheaf E/E ′ is a torsion subsheaf of F/F ′ , so that it is zero. It follows that G/G ′ ≃ F/F ′ is a nonzero torsion free sheaf, which forces d(G ′ ) < 0 since G has good quotients.
We are then left with the case E ′ = 0. If d(G ′ ) < 0 we conclude; we have then to exclude the case d(G ′ ) = 0. Notice that since G has good quotients,
so that it suffices to impose (2). Let us prove that the only remaining case, D · H 2 = 0, cannot possibly happen. We first note that F does not admit a destabilizing subsheaf
is injective (see [1] , Lemma 2.3). To see this in our case, we apply Hom( , E) to the exact sequence
Since T is supported in codimension ≥ 2, by duality Ext
, so that f is injective, and this finishes the proof.
Application to moduli spaces
In this section we will assume that p : X → B is a K3 fibered Calabi-Yau threefold. As discussed in Section 2, Y is also a smooth threefold. Moreover, Y is Calabi-Yau because one has We now take a reduced spectral curve C i ֒→ Y of genus g such that C → B is a flat covering of degree n, and L a line bundle of degree d on C. We consider the sheaf E = i * L on Y , supported on C. As we have already seen E is WIT 0 , with respect to Φ, and gives then rise to a transform E on X. Since on a generic fiber E t ≃ P y 1 ⊕ · · · ⊕ P yn we should get rk( E) = nr and c 1 ( E) = nL + kf with k an integer number .
Note that we cannot obtain sheaves with rank equal to the degree of the cover as in the spectral cover construction on elliptic fibrations where the universal sheaf parametrizes sheaves with rank equal to one.
The Chern character of E is given by
where K C is a canonical bundle of C. Thus the Chern characters of E are
When the universal sheaf P has finite homological dimension as a sheaf on Y × B X, the Chern character exists and to compute it we should need an explicit expression of P. Let us denote γ i = ch i (P), then γ 0 = r.
We find for ch i ( E) the following expressions (3) rk
Note that by Hurwitz's formula
where R denotes the ramification of C → B.
Since P is of finite homological dimension, the determinant bundle det P is defined, and the first Chern character of P can be computed as follows. We consider the line bundle M = det P ⊗ π * X O X (−L) on Y × B X; for every point y ∈ Y one has π Y −1 (y) ≃ {y} × X t with t = q(y), and by restricting to the fiber π Y −1 (y) we obtain
Definition 5.2. We define the divisor class Q such that Q := O Y (−Q).
Then one has det
The expression of c 1 ( E) shows that we cannot twist E by a line bundle to get vanishing first Chern class of E. One cannot choose L = rL ′ as this would be in contradiction to find a simultaneous solution to gcd(rH 2 t , a(L t ), r + s) = 1 and v 2 = 0.
If P is not of finite homological dimension, we can only consider the pushforward j * P where j : Y × B X ֒→ Y × X, which always has Chern classes because Y ×X is smooth. The relative integral functor with kernel P is equal to the absolute integral functor with kernel j * P and one can also compute the Chern characters of E in terms of ch(j * P) and the Todd class of Y .
Moduli Spaces.
Although we can use Theorem 3.9 to produce µ-stable torsion free sheaves on X, that result cannot be used directly in order to produce isomorphisms between moduli spaces, because the polarization H = H 0 + M f depends on the sheaf E. Our next aim is to prove that we can find M an effective bound for M , which only depends on the topological invariants of E.
Let H 0 a smooth ample divisor on X, which exists by Bertini's theorem (c.f. [8, Theorem 8.18] ). We put
The following result is a straightforward consequence of [11, 5.3 The Bogomolov inequality states that if F is torsion free and µ-semistable with respect to a some polarization H, then B(F)H ≥ 0 ([11, Theorem 7.3.1.]).
Theorem 5.4. Let H 0 be a smooth ample divisor on X. Then E is µ-stable with respect to
Proof. Assume E is not µ-stable with respect to H M 0 . By Theorem 3.9, E is µ-stable with respect to H M for M ≫ 0. There exists a rational number M 1 ≥ M 0 such that E is strictly µ-semistable with respect to H M 1 and µ-stable with respect to H M for all M > M 1 . So, there is an exact sequence
where F and G are torsion free and µ-semistable sheaves with respect to
Notice that DH 0 is not numerically trivial, as divisor on H 0 , because otherwise E would be strictly µ-semistable for all M , then by the Hodge index theorem one has D 2 H 0 < 0. On the other hand we have
= H 0 H 2M 1 , the sheaves F and G are (H 0 , H 2M 1 )-semistable in the sense of [13] . By [13, Corollary 4.7] we have B(F)H 0 ≥ 0 and B(G)H 0 ≥ 0. Hence
Since M 1 ≥ M 0 and DH 0 H 2M 1 = 0 we get DH 0 f = 0, by Lemma 5.3; this contradicts Proposition 3.7.
Notice that due to Equation (3), if we express the discriminant class B( E ) in terms of the topological invariants of E = i * L, we obtain the formula:
where γ 2 = ch 2 (P), which proves that B( E ) depends only on the cohomology class of spectral curve C. Then, once we have fixed the original polarization 
where M H M 0 (X, rn, c 1 , ch 2 , ch 3 ) is the moduli space of sheaves on X with Chern classes rn, c 1 , ch 2 and ch 3 given by the right hand sides of Equation (3), and which are stable with respect to H M 0 . The image is the moduli space S H M 0 (X, rn, c 1 , ch 2 , ch 3 ) of stable spectral sheaves with those Chern classes, and there is an isomorphism
On then has:
Proposition 5.5. There is a morphism 6. The Case r = 1
In this section we will treat the rather special case r = 1 and assume that X is a K3 fibered Calabi-Yau threefold. Note that by adjunction formula every fiber has also trivial canonical bundle. In this case the universal sheaf of Section 1 is just the ideal sheaf I ∆ of the relative diagonal immersion δ : X ֒→ X × B X. Since for a singular fiber X t the ideal sheaf of a point I x may be not stable, we cannot use Bridgeland-Maciocia result ([4, Theorem 1.2 ]) to show that the ideal sheaf I ∆ defines an autoequivalence of the bounded derived category of X. So, we shall prove this directly. Let us denote by Φ the relative integral functor defined by I ∆ . In order to prove Φ maps D b (X) to D b (X) we need the following notion, which was introduced in [9] . Definition 6.1. Let f : Z → T be a morphism of schemes. An object E
• in
Following [9, Proposition 2.7] , Φ takes bounded complex to bounded complex if and only if I ∆ is, as object in D b (X × B X), of finite homological dimension over the first factor. Taking into account the exact sequence
I ∆ is of finite homological dimension over the first factor if and only if O ∆ has the same property, and this is indeed the case because the projection formula for δ implies that O ∆ = δ * O X . We notice that by symmetry the ideal sheaf I ∆ is an object in D b (X × B X) of finite homological dimension over both factors.
Proposition 6.2. The relative integral functor
defined by the ideal sheaf of the relative diagonal is a Fourier-Mukai transform, that is an equivalence of categories.
Proof. Since I ∆ is of finite homological dimension over both factors, Φ is an equivalence if and only if Φ t is an equivalence for all t ∈ B, by Proposition 2.15 of [9] . Moreover, the sheaf I ∆ is flat over B, and then, for every closed point t ∈ B the derived restriction Lj * t I ∆ to the fiber X t × X t is the ideal sheaf I ∆t of the diagonal embedding X t ֒→ X t × X t . Thus Φ t is the integral functor defined by I ∆t . A straightforward computation shows that Φ t ≃ T O X t [−1], where T O X t denotes the twisted functor along the object O Xt , that is the integral functor whose kernel is the cone of the morphism O * Xt ⊠ O Xt → O ∆t . According to [16] , Φ t is an equivalence whenever O Xt is a spherical object of D b (X t ). By hypotheses X t is a Gorenstein connected surface with trivial dualizing sheaf, for all t ∈ B. Moreover, since the fibration p : X → B is flat and the generic fiber is a (smooth) K3 surface one has χ(X t , O Xt ) = 2 for all t ∈ B. Thus O Xt is a spherical object whence the statement follows.
Let us then consider a spectral cover C → B of degree n embedded into X by i : C ֒→ X and a line bundle L of degree d on C. By Proposition 3.5 and Theorem 3.9, the Fourier-Mukai transform E = Φ(E), with E = i * L, is a µ-stable torsion free sheaf.
Let R = 2g C − 2 − n(2g B − 2) be the ramification of C → B. In this case the invariants of the spectral sheaf E are given by
Then, setting d = R/2 we get spectral sheaves of degree 0 and ch 3 
We can also twist the spectral sheaf to get stable torsion free sheaves with vanishing first Chern class. Set d = n + R/2 and writeẼ = E ⊗ O X (−f). We get:
. Note that if we impose that H 1 (X, O X ) = 0, the base B is necessarily P 1 and one has ch 3 ( E) = n and ch 3 (Ẽ) = 3n. Thus, we get a great flexibility for having stable torsion free sheaves with c 1 = 0.
This implies that if a spectral curve C of degree n exists, then there are many nonempty moduli spaces of stable sheaves on X.
We know that the spectral sheaves E = Φ(E) are torsion-free. Moreover, by base change, the restriction of E to a generic fiber is just I x 1 ⊕ · · · ⊕ I xn where C ∩ f = {x 1 , . . . , x n }. Notice that for each point x of a generic fiber the ideal sheaf I x is a µ-stable torsion free sheaf on the fiber, but not locally free. However a straightforward computation shows that the dual I * x is locally free. Actually, the finish this section we shall see that the dual E * of the spectral sheaf E is a vector bundle on X. Then, the restriction to the generic fibre of the dual E * of a spectral sheaf is locally free. Actually one has the following result: Proposition 6.3. E * is a vector bundle on X.
Proof. Let us consider the diagram
where squares are cartesian and vertical morphisms are flat. Let us write π = p • i, p C = p • i, and p 2 = π 2 • j. A straightforward computation shows that E * ≃ (p 2 * p * 1 L) * ≃ (p * p C * L) * , and then it is locally free because p C is flat.
The topological invariants of E * are given by
Trivial Fibrations
In this section we study the case of a trivial K3 fibration p : X → B, that is X ≃ S × B, where S is a reflexive K3 surface and B an elliptic curve B. Definition 7.1. A K3 surface S is reflexive if it carries a polarization h and a divisor l such that
(ii) l 2 = −12 and l · h = 0. (iii) e = l + 2h is non effective on S.
We recall some well known results about reflexive K3 surfaces. For details we refer to [3] . 
is a non empty fine moduli space parameterizing µ-stable locally free sheaves on S .
2) The universal sheaf 
Following Section 2 there exists a fine relative moduli space Y → B, fixed H = h × B and L = l × B, and a universal sheaf P on Y × B X such that for every point t ∈ B the restriction P t is P S . Moreover Y is a trivial fibration as well, that is
Proposition 7.3. There exists a non split exact sequence
Proof. Let us denote π i the natural projection X × B X → X and write F = O X (E). For every t ∈ B we have H i (S, O S (e)) = 0, for all i ≥ 0, so ±e is not effective and χ(O S (e)) = 0. Then Rπ 1 * π * 2 F = 0 for all i ≥ 0. By applying π 1 to the exact sequence Proof. By definition S is an object in D b (X × B X) which has finite homological dimension over both factors and, for every t ∈ B, the restriction S t defines an integral functor Φ t : D b (S) → D b (S). Since S t|{x}×S is a µ-stable locally free sheaf with Mukai vector (2, l, −3), the integral functor Φ t is an equivalence by Proposition 7.2. Then the integral functor Φ S is a Fourier-Mukai transform as a consequence of [9] .
Taking in account the isomorphism Y ≃ X we can apply the spectral construction of Section 3 directly to X. We fix a cover i : C ֒→ X flat over B and L a line bundle on C. Then E = i * L is WIT 0 , with respect to Φ S , and the Fourier-Mukai transform E is a µ-stable vector bundle on X. We finish this section computing Chern character of E. Since S = N ⊗ π * 2 O X (−H) one has Φ S (E) ≃ Φ N (E) ⊗ O X (−H). Thus E is also WIT 0 with respect to Φ N and the Chern character of Φ N (E) can be computed using Proposition 7.3. Proof. By Proposition 7.3 we have the following exact triangle
Then the Chern character of By Remark 3.11, the spectral sheaves E are vector bundles. Moreover, their restrictions to the generic fiber of S × B → B are semistable of degree zero by Proposition 3.5. If in addition C is irreducible and reduced, E is stable with respect to H + M f for all M ≥ M 0 for an integer M 0 depending only on H and [C] (cf. Theorems 3.9 and 5.4).
